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Quantum systems with adiabatic classical parameters are widely studied, e.g., in the modern
holonomic quantum computation. We here provide complete geometric quantization of a
Hamiltonian system with time-dependent parameters, without the adiabatic assumption.
A Hamiltonian of such a system is affine in the temporal derivative of parameter functions.
This leads to the geometric Berry factor phenomena.
I. INTRODUCTION
At present, quantum systems with classical parameters attract special attention in con-
nection with holonomic quantum computation.1−3 This approach to quantum computing is
based on the generalization of Berry’s adiabatic phase to the nonabelian case correspond-
ing to adiabatically driving an n-fold degenerate eigen-state of a Hamiltonian over the
parameter manifold.4 In the framework of the holonomic quantum computation scheme,
information is encoded in this degenerate state, while the parameter manifold plays the
role of a control parameter space. The key point of this scheme is that the parallel trans-
port along the curves in the parameter space is assumed to be adiabatic with respect to a
dynamic Hamiltonian.
At the same time, the adiabatic condition of Berry’s phase phenomena can be removed.5,6
Moreover, one observes that the Berry factor is a standard ingredient in evolution of quan-
tum systems with classical time-dependent parameters.7,8 Here, we provide complete geo-
metric quantization of a mechanical system depending on parameters, without adiabatic
assumption.
The configuration space of such a system is a composite fiber bundle
Q→ Σ→ R, (1)
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where R is the time axis and Σ → R is a fiber bundle whose sections are parameter
functions.7−9 The configuration space (1) is coordinated by (t, σλ, qk), where (t, σλ) are
bundle coordinates on Σ→ R and t is a fixed Cartesian coordinate onR. The corresponding
momentum phase space is the vertical cotangent bundle V ∗Q of Q → Σ equipped with
holonomic coordinates (t, σλ, qk, pk). It is provided with the following canonical Poisson
structure. Let T ∗Q be the cotangent bundle of Q endowed with the canonical symplectic
form ΩT and the associated Poisson bracket {, }T . Given the canonical fibration
ζ : T ∗Q→ V ∗Q, (2)
the Poisson bracket {, }V on the R-ring C
∞(V ∗Q) of smooth real functions on V ∗Q is
defined by the relation
ζ∗{f, f ′}V = {ζ
∗f, ζ∗f ′}T , (3)
{f, f ′}V = ∂
kf∂kf
′ − ∂kf∂
kf ′, f, f ′ ∈ C∞(V ∗Q). (4)
Its characteristic symplectic foliation coincides with the fibration
piV Σ : V
∗Q→ Σ. (5)
One can think of its fiber V ∗σQ = T
∗Qσ, σ ∈ Σ, as being the momentum phase space of a
mechanical system under fixed values of parameters and at a given instant of time.
It seems natural to quantize the Poisson manifold (V ∗Q, {, }V ) in accordance with the
well-known geometric quantization procedure,10,11 but then one faces the problem that the
mean values of quantum operators are defined via integration over the whole momentum
phase space V ∗Q, including integration over classical parameters. At the same time, quan-
tization of a system with classical parameters should necessarily imply its quantization
under fixed values of parameters. Its generic carrier space is a Hilbert module of sections
of a smooth Hilbert bundle over the parameter space Σ,7,8 i.e., a locally-trivial smooth
field of Hilbert spaces on Σ in the terminology of Ref. [12]. In particular, the instantwise
quantization of nonrelativistic time-dependent mechanics (where Σ = R) is of this type.13,14
However, geometric quantization of a Poisson manifold need not yield quantization of its
symplectic leaves.15
To dispose of these problems, we will apply to V ∗Q → Σ the technique of leafwise
geometric quantization of symplectic foliations.16 There is one-to-one correspondence be-
tween Poisson structures on a smooth manifold and its symplectic foliations. The quantum
algebra of a symplectic foliation is a particular quantum algebra of the associated Poisson
manifold such that its restriction to each symplectic leaf is defined and quantized. We
choose the canonical real polarization of V ∗Q → Σ which is the vertical tangent bundle
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V V ∗Q of the fiber bundle V ∗Q → Q. The corresponding quantum algebra AF consists of
functions on V ∗Q which are affine in momenta pk. It is represented by Schro¨dinger op-
erators in the pre-Hilbert C∞(Σ) module EQ of fiberwise complex half-forms on the fiber
bundle Q → Σ whose restriction to each fiber is of compact support. This representation
is naturally extended to the enveloping algebra AF of polynomial functions in momenta.
We show that a Hamiltonian of a quantum system with classical parameters is affine in
the temporal derivative ∂tχ
λ of parameter functions χλ, namely,
Ĥ = −i(Λkλ∂k +
1
2
∂kΛ
k
λ)∂tχ
λ + Ĥ′(χ),
where Λkλ are components of a connection on the fiber bundle Q → Σ. The key point
is that integration of the first term of this Hamiltonian over time through a parameter
function χ(t) depends only on a trajectory of this function in a parameters space, but not on
parametrization of this trajectory by time (i.e., the adiabatic assumption is not necessary).
As a consequence, this term is responsible for the geometric Berry factor phenomena. It
plays the role of a control operator in holonomic quantum computation.
II. THE LEAFWISE DIFFERENTIAL CALCULUS
Geometric quantization of symplectic foliations is phrased in terms of the leafwise dif-
ferential calculus on a foliated manifold. Manifolds throughout are assumed to be smooth,
Hausdorff, second-countable (i.e., paracompact), and connected.
Recall that a (regular) foliation F of a manifold Z consists of (maximal) integral mani-
folds of an involutive distribution iF : TF → TZ on Z. A foliated manifold (Z,F) admits
an adapted coordinate atlas
{(Uξ; z
λ; zi)}, λ = 1, . . . , codimF , i = 1, . . . , dimF , (6)
such that transition functions of coordinates zλ are independent of the remaining coordi-
nates zi and, for each leaf F ∈ F , the connected components of F ∩ Uξ are given by the
equations zλ =const. These connected components and coordinates (zi) on them make up
a coordinate atlas of a leaf F .
The real Lie algebra T1(F) of global sections of the distribution TF → Z is a C
∞(Z)-
submodule of the derivation module of the R-ring C∞(Z) of smooth real functions on Z.
Its kernel SF(Z) ⊂ C
∞(Z) consists of functions constant on leaves of F . Therefore, T1(F)
is the Lie SF(Z)-algebra of derivations of C
∞(Z), regarded as a SF(Z)-ring. Then one can
introduce the leafwise differential calculus17 as the Chevalley–Eilenberg differential calculus
over the SF(Z)-ring C
∞(Z). It is a subcomplex
0→ SF(Z)−→C
∞(Z)
d˜
−→F1(Z) · · ·
d˜
−→FdimF (Z)→ 0 (7)
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of the Chevalley–Eilenberg complex of the Lie SF(Z)-algebra T1(F) with coefficients in
C∞(Z) which consists of C∞(Z)-multilinear skew-symmetric maps
r
×T1(F) → C
∞(Z),
r = 1, . . . , dimF .8 These maps are global sections of exterior products
r
∧TF∗ of the dual
TF∗ → Z of TF → Z. They are called the leafwise forms on a foliated manifold (Z,F),
and are given by the coordinate expression
φ =
1
r!
φi1...ir d˜z
i1 ∧ · · · ∧ d˜zir ,
where {d˜zi} are the duals of the holonomic fiber bases {∂i} for TF . Then one can think of
the Chevalley–Eilenberg coboundary operator
d˜φ = d˜zk ∧ ∂kφ =
1
r!
∂jφi1...ir d˜z
j ∧ d˜zi1 ∧ · · · ∧ d˜zir
as being the leafwise exterior differential. Accordingly, the complex (SF(Z),F
∗(Z), d˜) (7) is
called the leafwise de Rham complex (or the tangential de Rham complex in the terminology
of Ref. [17]). This is the complex (A0,∗, df) in Ref. [18]. Its cohomology H
∗
F
(Z) is called
the leafwise de Rham cohomology.
Let us consider the exact sequence
0→ AnnTF −→T ∗Z
i∗
F−→ TF∗ → 0 (8)
of vector bundles over Z. Since it is always split, the epimorphism i∗
F
yields an epimorphism
of the graded algebra O∗(Z) of exterior forms on Z to the algebra F∗(Z) of leafwise forms.
The relation i∗
F
◦ d = d˜ ◦ i∗
F
holds and, thereby, we have the cochain morphism
i∗
F
: (R,O∗(Z), d)→ (SF(Z),F
∗(Z), d˜), dzλ 7→ 0, dzi 7→ d˜zi, (9)
of the de Rham complex of Z to the leafwise de Rham complex (7), and the corresponding
homomorphism
[i∗
F
]∗ : H∗(Z)→ H∗
F
(Z) (10)
of the de Rham cohomology of Z to the leafwise one.
Given a leaf iF : F → Z of a foliation F , there is the pull-back homomorphism
(R,O∗(Z), d)→ (R,O∗(F ), d) (11)
of the de Rham complex of Z to that of F and the corresponding homomorphism of their
cohomology groups
H∗(Z)→ H∗(F ). (12)
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Proposition 1: The homomorphisms (11) and (12) factorize through the homomorphisms
(9) and (10), respectively.
Proof: It is readily observed that the pull-back bundles i∗FTF and i
∗
FTF
∗ over F are
isomorphic to the tangent and the cotangent bundles of F , respectively. Moreover, a direct
computation shows that i∗F (d˜φ) = d(i
∗
Fφ) for any leafwise form φ. It follows that the cochain
morphism (11) factorizes through the cochain morphism (9) and the cochain morphism
i∗F : (SF(Z),F
∗(Z), d˜)→ (R,O∗(F ), d), d˜zi 7→ dzi,
of the leafwise de Rham complex of (Z,F) to the de Rham complex of F . Accordingly, the
cohomology morphism (12) factorizes through the leafwise cohomology
H∗(Z)
[i∗
F
]
−→H∗
F
(Z)
[i∗F ]−→H∗(F ).
Turn now to symplectic foliations. Let F be of even dimension. A d˜-closed non-
degenerate leafwise two-form ΩF on a foliated manifold (Z,F) is called symplectic. Its
pull-back i∗FΩF onto each leaf F of F is a symplectic form on F . A leafwise symplectic
form ΩF yields the bundle isomorphism
Ω♭
F
: TF →
Z
TF∗, Ω♭
F
: v 7→ −v⌋ΩF (z), v ∈ TzF .
The inverse isomorphism Ω♯
F
determines the Poisson bivector field
wΩ(α, β) = ΩF(Ω
♯
F
(i∗
F
α),Ω♯
F
(i∗
F
β)), ∀α, β ∈ T ∗z Z, z ∈ Z, (13)
on Z subordinate to
2
∧TF . The corresponding Poisson bracket reads
{f, f ′}F = ϑf⌋d˜f
′, ϑf⌋ΩF = −d˜f, ϑf = Ω
♯
F
(d˜f), f, f ′ ∈ C∞(Z). (14)
Its kernel is SF(Z). Conversely, let (Z,w) be a (regular) Poisson manifold and F its
characteristic foliation. Since AnnTF ⊂ T ∗Z is precisely the kernel of the Poisson bivector
field w, the bundle homomorphism w♯ : T ∗Z→
Z
TZ factorizes in a unique fashion
w♯ : T ∗Z
i∗
F−→
Z
TF∗
w♯
F−→
Z
TF
iF−→
Z
TZ
through the bundle isomorphism
w
♯
F
: TF∗→
Z
TF , w♯
F
: α 7→ −w(z)⌊α, α ∈ TzF
∗.
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The inverse isomorphism w♭
F
yields the symplectic leafwise form
ΩF (v, v
′) = w(w♭
F
(v), w♭
F
(v′)), ∀v, v′ ∈ TzF , z ∈ Z. (15)
The formulae (13) and (15) establish the above-mentioned equivalence between the Poisson
structures on a manifold Z and its symplectic foliations, but this equivalence need not be
preserved under morphisms.
III. PREQUANTIZATION OF SYMPLECTIC FOLIATIONS
Prequantization of a symplectic foliation (F ,ΩF) of a manifold Z provides a represen-
tation
f 7→ if̂ , [f̂ , f̂ ′] = −i ̂{f, f ′}
F
, (16)
of the Poisson algebra (C∞(Z), {f, f ′}F) by first order differential operators on sections
of a complex line bundle pi : C → Z. These operators are given by the Kostant–Souriau
formula
f̂ = −i∇Fϑf + εf, ε > 0, (17)
where ϑf is the Hamiltonian vector field (14) and ∇
F is the covariant differential with
respect to a leafwise connection on C → Z whose curvature form obeys the prequantization
condition
R˜ = iεΩF . (18)
In this Section, we provide the cohomology analysis of this condition, and show that pre-
quantization of a symplectic foliation yields prequantization of its symplectic leaves. The
key point is that any leafwise connection comes from a connection (see Theorem 2 below).
The inverse images pi−1(F ) of leaves F of the foliation F of Z make up a (regular)
foliation CF of a complex line bundle C. Given the (holomorphic) tangent bundle TCF of
this foliation, we have the exact sequence of vector bundles
0→ V C −→
C
TCF −→
C
C ×
Z
TF → 0, (19)
where V C is the (holomorphic) vertical tangent bundle of C → Z. A (linear) leafwise
connection on the complex line bundle C → Z is defined as a splitting of the exact sequence
(19) which is linear over C.
One can choose an adapted coordinate atlas {(Uξ; z
λ; zi)} (6) of a foliated manifold
(Z,F) such that Uξ are trivialization domains of the complex line bundle C → Z. Let
(zλ; zi; c), c ∈ C, be the corresponding bundle coordinates on C → Z. They are also
adapted coordinates on the foliated manifold (C,CF). With respect to these coordinates,
a leafwise connection is represented by a TCF -valued leafwise one-form
AF = d˜z
i ⊗ (∂i + Aic∂c), (20)
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where Ai are local complex functions on C. The covariant differential on the C
∞(Z)-module
C(Z) of sections the line bundle C → Z with respect to the leafwise connection (20) reads
∇Fs = d˜s− Aisd˜z
i. s ∈ C(Z).
The exact sequence (19) is obviously a subsequence of the exact sequence
0→ V C −→
C
TC −→
C
C ×
Z
TZ → 0,
where TC is the holomorphic tangent bundle of C. Consequently, any connection
Γ = dzλ ⊗ (∂λ + Γλc∂c) + dz
i ⊗ (∂i + Γic∂c) (21)
on a complex line bundle C → Z yields a leafwise connection
ΓF = d˜z
i ⊗ (∂i + Γic∂c). (22)
Theorem 2: Any leafwise connection on a complex line bundle C → Z comes from a
connection on it.
Proof: Let AF (20) be a leafwise connection on C → Z and ΓF (22) a leafwise connection
which comes from some connection Γ (21) on C → Z. Their affine difference over C is a
section
Q = AF − ΓF = d˜z
i ⊗ (Ai − Γi)c∂c
of the vector bundle TF∗⊗
C
V C → C. Given some splitting
B : d˜zi 7→ dzi −Biλdz
λ
of the exact sequence (8), the composition
(B ⊗ Id V C) ◦Q = (dz
i − Biλdz
λ)⊗ (Ai − Γi)c∂c : C → T
∗Z ⊗
C
V C
is a soldering form on the complex line bundle C → Z. Then
Γ + (B ⊗ Id V C) ◦Q = dz
λ ⊗ (∂λ + [Γλ − B
i
λ(Ai − Γi)]c∂c) + dz
i ⊗ (∂i + Aic∂c)
is a desired connection on C → Z which yields the leafwise connection AF (20).
The curvature of the leafwise connection AF (20) is defined as a C
∞(Z)-linear endo-
morphism
R˜(τ, τ ′) = ∇F[τ,τ ′] − [∇
F
τ ,∇
F
τ ′] = τ
iτ ′jRij , Rij = ∂iAj − ∂jAi,
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of C(Z) for any vector fields τ, τ ′ ∈ T1(F). It is represented by the complex leafwise
two-form
R˜ =
1
2
Rij d˜z
i ∧ d˜zj . (23)
If a leafwise connection AF comes from a connection A, its curvature form R˜ (23) is the
image R˜ = i∗
F
R of the curvature form R of A with respect to the morphism i∗
F
(9).
Let us return to the prequantization condition (18).
Lemma 3: Let us assume that there is a leafwise connection ΓF on a complex line bundle
C → Z which fulfils the prequantization condition (18). Then, for any Hermitian metric g
on C → Z, there exists a leafwise connection Ag
F
on C → Z which: (i) satisfies the condition
(18), (ii) preserves g, and (iii) comes from a U(1)-principal connection on C → Z.
Proof: For any Hermitian metric g on C → Z, there exists an associated bundle atlas
Ψg = {(zλ; zi, c)} of C with U(1)-valued transition functions such that
g(c, c′) = cc′. (24)
Let the above mentioned leafwise connection ΓF come from a linear connection Γ (21) on
C → Z written with respect to the atlas Ψg. The connection Γ is split into the sum Ag + γ
where,
Ag = dzλ ⊗ (∂λ + Im(Γλ)c∂c) + dz
i ⊗ (∂i + Im(Γi)c∂c) (25)
is a U(1)-principal connection, preserving the Hermitian metric g. The curvature forms
R of Γ and Rg of Ag obey the relation Rg = Im(R). The connection Ag (25) defines the
leafwise connection
A
g
F
= i∗
F
Ag = d˜zi ⊗ (∂i + iA
g
i c∂c), iA
g
i = Im(Γi), (26)
preserving the Hermitian metric g (24). Its curvature fulfils the desired relation
R˜g = i∗
F
Rg = Im(i∗
F
R) = iεΩF . (27)
Since Ag (25) is a U(1)-principal connection, its curvature form Rg is related to the first
Chern form of integer de Rham cohomology class by the formula c1 = i(2pi)
−1Rg. If the
prequantization condition (18) holds, the relation (27) shows that the leafwise cohomology
class of the leafwise form (2pi)−1εΩF is the image of an integer de Rham cohomology class
with respect to the cohomology morphism [i∗
F
] (10). Conversely, if a leafwise symplectic
form ΩF on a foliated manifold (Z,F) is of this type, there exists a complex line bundle
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C → Z and a U(1)-principal connection A on C → Z such that the leafwise connection
i∗
F
A fulfils the relation (18). Thus, we have stated the following.
Proposition 4: A symplectic foliation (F ,ΩF) of a manifold Z admits prequantization
(17) iff the leafwise cohomology class of (2pi)−1εΩF is the image of an integer de Rham
cohomology class of Z.
The leafwise connection Ag
F
in Lemma 3 by no means is unique. Let φ = φid˜z
i be a
closed leafwise one-form. Then the connection
A
′g
F
= d˜zi ⊗ (∂i + i(A
g
i + φi)c∂c)
also obeys the prequantization condition (23) and preserves the Hermitian metric (24).
Let F be a leaf of a symplectic foliation (F ,ΩF) provided with the symplectic form
ΩF = i
∗
FΩF . In accordance with Proposition 1, the symplectic form (2pi)
−1εΩF belongs to
an integer de Rham cohomology class if a leafwise symplectic form ΩF fulfils the condition of
Proposition 4. Thus, if a symplectic foliation admits prequantization, its symplectic leaves
do as well. The corresponding prequantization bundle for F is the pull-back complex line
bundle i∗FC, coordinated by (z
i, c). Furthermore, let Ag
F
(26) be a leafwise connection on
the prequantization bundle C → Z which obeys Lemma 3, i.e., comes from a U(1)-principal
connection Ag on C → Z. Then the pull-back
AF = i
∗
FA
g = dzi ⊗ (∂i + ii
∗
F (A
g
i )c∂c) (28)
of the connection Ag onto i∗FC → F satisfies the prequantization condition
RF = i
∗
FR = iεΩF ,
and preserves the pull-back Hermitian metric i∗F g on i
∗
F
C → F .
IV. QUANTIZATION OF SYMPLECTIC FOLIATIONS
The next step is polarization of a symplectic foliation (F ,ΩF) of a manifold Z. It is
defined as a maximal involutive distribution T ⊂ TF on Z such that
ΩF (u, v) = 0, ∀u, v ∈ Tz, z ∈ Z.
Given the Lie algebra T(Z) of T-subordinate vector fields on Z, the quantum algebra
of (F ,ΩF) is defined as the complexified subalgebra AF ⊂ C
∞(Z) of functions f whose
Hamiltonian vector fields ϑf (14) fulfil the condition [ϑf ,T(Z)] ⊂ T(Z). This algebra
obviously contains the center SF(Z) of the Poisson algebra (C
∞(Z), {, }F), and is a Lie
SF (Z)-algebra.
9
Let (F,ΩF ) be a symplectic leaf of a symplectic foliation (F ,ΩF). Given a polariza-
tion T → Z of (F ,ΩF), its restriction TF = i
∗
FT ⊂ i
∗
FTF = TF to F is an involutive
distribution on F . It obeys the condition
i∗FΩF(u, v) = 0, ∀u, v ∈ TFz, z ∈ F,
i.e., it is a polarization of the symplectic manifold (F,ΩF ). Thus, polarization of a sym-
plectic foliation defines polarization of each symplectic leaf. Clearly, the quantum algebra
AF of a symplectic leaf F with respect to the polarization TF contains all functions i
∗
Ff of
the quantum algebra AF restricted to F .
Let us note that every polarizationT of a symplectic foliation (F ,ΩF) yields polarization
of the associated Poisson manifold (Z, {, }F). It is the sheaf Φ of germs of local functions f
on Z whose Hamiltonian vector fields ϑf (14) are subordinate toT, i.e. their Poisson bracket
vanishes. Since the cochain morphism i∗
F
(9) is an epimorphism, the leafwise differential
calculus F∗(Z) is universal, i.e., the leafwise differentials d˜f of functions f ∈ C∞(Z) on Z
make up a basis for the C∞(Z)-module F1(Z). Let Φ(Z) denote the structure R-module of
global sections of the sheaf Φ. Then the leafwise differentials of elements of Φ(Z) make up
a basis for the C∞(Z)-module of global sections of the codistribution Ω♭
F
T. Equivalently,
the Hamiltonian vector fields of elements of Φ(Z) constitute a basis for the C∞(Z)-module
T(Z). One can easily show that polarization T of a symplectic foliation (F ,ΩF) and the
corresponding polarization Φ of the Poisson manifold (Z,wΩ) define the same quantum
algebra AF .
Though AF coincides with the quantum algebra of the Poisson manifold (Z, {, }F), we
modify the standard metaplectic correction technique19,20 as follows in order to provide the
leafwise quantization of AF .
16
Let us consider the exterior bundle
m
∧TF∗, m = dimF . Its structure group GL(m,R)
is reducible to the group GL+(m,R) since a symplectic foliation is oriented. One can
regard this fiber bundle as being associated to a GL(m,C)-principal bundle P → Z. Let
us assume that H2(Z;Z2) = 0. Then the principal bundle P admits a two-fold covering
principal bundle with the structure metalinear groupML(m,C).20 As a consequence, there
exists a complex line bundle DF → Z characterized by an atlas ΨF = {(Uξ; z
λ; zi; c)} with
the transition functions c′ = SFc such that
SFSF = det
(
∂zi
∂z′j
)
.
One can think of its sections as being leafwise half-forms on Z. The metalinear bundle
DF → Z admits the canonical lift of any T-subordinate vector field τ on Z. The corre-
sponding Lie derivative of its sections reads
Lτ = τ
i∂i +
1
2
∂iτ
i. (29)
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We define the quantization bundle as the tensor product Y = C⊗DF . Given a leafwise
connection Ag
F
(26) and the Lie derivative L (29), let us associate the first order differential
operator
f̂ = −i[(∇Fϑf + iεf)⊗ Id + Id ⊗ Lϑf ] = −i[∇
F
ϑf
+ iεf +
1
2
∂iϑ
i
f ], f ∈ AF , (30)
on sections ρ of Y to each element of the quantum algebra AF . A direct computation with
respect to the local Darboux coordinates on Z shows that the operators (30) obey the Dirac
condition (16) and that, if a section ρ fulfils the relation
(∇Fϑ ⊗ Id + Id ⊗ Lϑ)ρ = (∇
F
ϑ +
1
2
∂iϑ
i)ρ = 0 (31)
for all T-subordinate Hamiltonian vector field ϑ, then f̂ρ possesses the same property for
any f ∈ AF .
Let us restrict the representation of the quantum algebra AF by the operators (30) to
the subspace E ∈ Y (Z) of sections ρ which obey the condition (31) and whose restriction
to any leaf of F is of compact support. The last condition is motivated by the following.
Since i∗FTF
∗ = T ∗F , the pull-back i∗FDF of DF onto a leaf F is a metalinear bundle
of half-forms on F . Therefore, the pull-back i∗FY of the quantization bundle Y → Z onto
F is a quantization bundle for the symplectic manifold (F, i∗FΩF). Given the pull-back
connection AF (28) and the polarization TF = i
∗
FT, this symplectic manifold is subject to
the standard geometric quantization by the first order differential operators
f̂ = −i(i∗F∇
F
ϑf
+ iεf +
1
2
∂iϑ
i
f ), f ∈ AF , (32)
on sections ρF of i
∗
FY → F of compact support which obey the condition
(i∗F∇
F
ϑ +
1
2
∂iϑ
i)ρF = 0
for all TF -subordinate Hamiltonian vector fields ϑ on F . These sections constitute a pre-
Hilbert space EF with respect to the Hermitian form
〈ρF |ρ
′
F 〉 =
(
1
2pi
)m/2 ∫
F
ρFρ
′
F ,
and f̂ (32) are Hermitian operators in EF . It is readily observed that i
∗
FE ⊂ EF and,
moreover, the relation
i∗F (f̂ρ) =
̂(i∗Ff)(i∗Fρ)
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holds for all elements f ∈ AF and ρ ∈ E. This relation enables one to think of the
operators f̂ (30) in E as being the leafwise quantization of the SF(Z)-algebra AF by
Hermitian operators in a pre-Hilbert SF(Z)-module.
V. QUANTIZATION OF A MECHANICAL SYSTEM WITH PARAMETERS
Let Q (1) be the configuration space of a mechanical system with parameters. We
assume that H2(Q;Z2) = H
2(V ∗Q;Z2) = 0. The characteristic symplectic foliation F
of the Poisson structure (4) on the momentum phase space V ∗Q is the fibration piV Σ (5)
endowed with the leafwise symplectic form
ΩF = d˜pk ∧ d˜q
k.
Since this form is d˜-exact, its leafwise de Rham cohomology class equals zero and is the
image of the zero de Rham cohomology class with respect to the morphism [i∗
F
] (10).
Then, in accordance with Proposition 4, the symplectic foliation (V ∗Q → Σ,ΩF ) admits
prequantization.
The prequantization bundle C → V ∗Q, associated to the zero Chern class, is trivial.
Let its trivialization C = V ∗Q×C hold fixed, and let (t, σλ, qk, pk, c) be the corresponding
bundle coordinates. Unless Q is specified, we choose the leafwise connection
AF = d˜pk ⊗ ∂
k + d˜qk ⊗ (∂k + ipkc∂c)
on C → V ∗Q. This connection preserves the Hermitian metric g (24) on C, and its curvature
fulfils the prequantization condition R˜ = iΩF . The corresponding prequantization operators
(17) read
f̂ = −iϑf + (f − pk∂
kf), ϑf = ∂
kf∂k − ∂kf∂
k, f ∈ C∞(V ∗Q).
Let us choose the canonical vertical polarization of the symplectic foliation (V ∗Q →
Σ,ΩF ) which is the vertical tangent bundle T = V V
∗Q of the fiber bundle
piV Q : V
∗Q→ Q.
It is readily observed that the corresponding quantum algebra AF ⊂ C
∞(V ∗Q) consists of
functions which are affine in momenta coordinates pk. Due to the linear transformation law
of pk, this property is coordinate-independent.
Following the quantization procedure in the previous Section, one should define a repre-
sentation of AF in the space E of sections ρ of the quantization bundle C⊗DF which obey
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the condition (31) and whose restriction to each fiber of V ∗Q→ Σ is of compact support.
The condition (31) reads
∂kf∂
kρ = 0, ∀f ∈ C∞(Q),
i.e., elements of E are constant on fibers of V ∗Q→ Q. Consequently, E is {0}.
Therefore, we modify the quantization procedure as follows. Given the exterior bundle
n
∧
Q
V ∗Q where n is the fiber dimension of Q → Σ, let us consider the corresponding meta-
plectic bundle DQ → Q and the tensor product YQ = CQ⊗
Q
DQ, where CQ = Q×C is the
trivial complex line bundle over Q. It is readily observed that
pi∗V QYQ = C ⊗
V ∗Q
pi∗V QDQ
and that the Hamiltonian vector fields
ϑf = a
k∂k − (pr∂ka
r + ∂kb)∂
k, f = ak(t, σλ, qr)pk + b(t, σ
λ, qr),
of elements f ∈ AF are projectable onto Q. Then one can associate to each element f of
the quantum algebra AF the first order differential operator
f̂ = (−i∇ϑf + f)⊗ Id + Id ⊗ LπV Q(ϑf ) = −ia
k∂k −
i
2
∂ka
k + b (33)
in the space pi∗V QEQ of sections of the pull-back bundle pi
∗
V QYQ → V
∗Q which is the pull-
back of the space EQ of sections of YQ → Q whose restriction to each fiber of Q→ Σ is of
compact support. Since the pull-back i∗QσDQ of DQ onto each fiber Qσ of the fiber bundle
Q→ Σ is the metaplectic bundle over Qσ, the restrictions of elements of pi
∗
V QEQ to a fiber
F = V ∗σQ of V
∗Q → Σ constitute a pre-Hilbert space with respect to the non-degenerate
Hermitian form
〈i∗Fpi
∗
V QρQ|i
∗
Fpi
∗
V Qρ
′
Q〉σ =
∫
Qσ
i∗QσρQi
∗
Qσρ
′
Q.
The Schro¨dinger operators (33) are Hermitian operators in the pre-Hilbert C∞(Σ)-module
pi∗V QEQ, and provide a desired leafwise geometric quantization of the symplectic foliation
(V ∗Q → Σ,ΩF ). Furthermore, one can replace this representation with the equivalent
representation by operators (33) in the pre-Hilbert module EQ of sections of YQ → Q.
VI. CLASSICAL EVOLUTION EQUATION
In order to quantize the evolution equation of a time-dependent mechanical system, one
should bear in mind that this equation is not reduced to the Poisson bracket on V ∗Q, but
is expressed into the Poisson bracket {, }T on the cotangent bundle T
∗Q of Q.14,21
13
Let us start from Hamiltonian dynamics of a classical mechanical system with parame-
ters on a configuration space Q (1). It is convenient to assume for a time that parameters
are dynamic variables. The momentum phase space of such a system is the vertical cotan-
gent bundle V ∗RQ of the configuration bundle Q→ R provided with holonomic coordinates
(t, σλ, qk, pλ, pk).
8,9 A Hamiltonian on this momentum phase space is defined as a global
section
h : V ∗RQ→ T
∗Q, p ◦ h = −H(t, σλ, qk, pλ, pk), (34)
of the affine bundle
ζR : T
∗Q→ V ∗RQ, (t, σ
λ, qk, p, pλ, pk) 7→ (t, σ
λ, qk, pλ, pk).
Given the canonical Liouville form Ξ on T ∗Q, every Hamiltonian h (34) yields the pull-back
Hamiltonian form
H = h∗Ξ = pλdσ
λ + pkdq
k −Hdt (35)
on V ∗RQ. For any Hamiltonian form H (35), there exists a unique vector field γH on V
∗
RQ
such that
γH⌋dt = 1, γH⌋dH = 0.
This vector field defines the first order Hamilton equations on V ∗RQ.
7−9,14,21,22 Accordingly,
γH⌋df = 0, f ∈ C
∞(V ∗RQ), (36)
is the evolution equation. In order to express it into a Poisson bracket, let us consider the
pull-back ζ∗RH of the Hamiltonian form H = h
∗Ξ onto the cotangent bundle T ∗Q. It is
readily observed that the difference Ξ− ζ∗Rh
∗Ξ is a horizontal one-form on T ∗Q → R and
that
H∗ = ∂t⌋(Ξ− ζ
∗h∗Ξ)) = p+H (37)
is a function on T ∗Q. Then the evolution equation (36) is brought into the form
{H∗, ζ∗Rf}T = 0,
adapted for quantization.14,21
Let us return to a system where σλ are parameters. Its Hamiltonian H is affine in
momenta pλ, namely,
H = pλΓ
λ + pk(Λ
k + ΓλΛkλ) +HΛ(t, σ
λ, qr, pr), (38)
where HΛ ∈ ζ
∗C∞(V ∗Q) is the pull-back of a function on V ∗Q and
Λ ◦ Γ = dt⊗ (∂t + Γ
λ∂λ + (Λ
k + ΓλΛkλ)∂k)
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is a connection on Q→ R which is the composition of a connection
Γ = dt⊗ (∂t + Γ
λ∂λ) (39)
on the parameter bundle Σ→ R and a connection
Λ = dt⊗ (∂t + Λ
k∂k) + dσ
λ ⊗ (∂λ + Λ
k
λ∂k) (40)
on Q→ Σ.7−9 Note that the second term of the connection (40) provides the lift
τλ∂λ 7→ τ
λ(∂λ + Λ
k
λ∂k)
onto Q of vertical vector fields on the parameter bundle Σ → R. It plays the role of a
control operator in holonomic quantum computation. If a parameter function χ : R → Σ
is given, the connection Γ (39) on Σ→ R is determined in such a way that
∇Γχ = 0, Γλ(t, χµ(t)) = ∂tχ
λ. (41)
It is readily observed that, if a Hamiltonian H is affine in momenta pλ and if f is a
function on V ∗Q, then the bracket {H∗, ζ∗f}T , where ζ is the fibration (2), is the pull-back
of a function on V ∗Q. It provides a derivation of the R-ring C∞(V ∗Q). Therefore, one can
think of the equality
{H∗, ζ∗f}T = 0, f ∈ C
∞(V ∗Q), (42)
as being a classical evolution equation on C∞(V ∗Q).
VII. QUANTUM EVOLUTION EQUATION
In order to quantize the evolution equation (42), one should quantize the Poisson ma-
nifold (T ∗Q, {, }T ) so that its quantum algebra AT contains ζ
∗AF . Let Φ be polarization
of the Poisson manifold (V ∗Q, {, }V ) which determines AF . Then, by virtue of the rela-
tion (3), ζ∗Φ is a polarization of (T ∗Q, {, }T ). Clearly, AF is a subalgebra of the quantum
algebra AT of T
∗Q determined by this polarization. The quantum algebra AT consists of
functions on T ∗Q which are affine in momenta p, pλ, pk. Let us restrict our consideration
to its subalgebra A′T of functions
f = a(t, σµ)p+ aλ(t, σµ)pλ + a
k(t, σµ, qr)pk + b(t, σ
µ, qr),
where a and aλ are the pull-back onto T ∗Q of functions on the parameter space Σ. Using
transformation laws of momenta p, pλ and pk, one can justify that this notion is coordinate-
independent. Of course, AF ⊂ A
′
T . Moreover, A
′
T admits a representation by the Hermitian
operators
f̂ = −i(a∂t + a
λ∂λ + a
k∂k)−
i
2
∂ka
k + b
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in the same pre-Hilbert C∞(Σ)-module EQ as the representation (33) of AF . Then, if
H∗ ∈ A′T , the evolution equation (42) is quantized as the Heisenberg equation
i[Ĥ∗, f̂ ] = 0, f ∈ AF . (43)
The problem is that the function H∗ (37) fails to belong to the algebra A′T , unless the
Hamiltonian functionHΛ (38) is affine in momenta pk. Let us assume thatHΛ is polynomial
in momenta. This is the case of almost all physically relevant models.
Lemma 5: Any smooth function f on V ∗Q which is a polynomial of momenta pk is decom-
posed in a finite sum of products of elements of the algebra AF .
Proof: A polynomial f is a sum of homogeneous polynomials of fixed degree in momenta.
Therefore, it suffices to prove the statement for an arbitrary homogeneous polynomial f of
degree n > 1 on V ∗Q. We use the fact that the vertical cotangent bundle V ∗Q→ Q admits
a finite bundle atlas.23 Let {Uξ}, ξ = 1, . . . , r, be the corresponding open cover of Q and
{ϕξ} a smooth partition of unity subordinate to this cover. Put
lξ = ϕξ(ϕ
n
1 + · · ·+ ϕ
n
r )
−1/n.
It is readily observed that {lnξ } is also a partition of unity subordinate to {Uξ}. Let us
consider the polynomials
fξ = f |Uξ =
∑
(k1...kn)
ak1...knξ (q)pk1 · · · pkn, q ∈ Uξ.
Then we obtain a desired decomposition
f =
∑
ξ
lnξ fξ =
∑
ξ
∑
(k1...kn)
[lξa
k1...kn
ξ pk1 ][lξpk2] · · · [lξpkn], (44)
where all terms lξa
k1...kn
ξ pk1 and lξpki are smooth functions on V
∗Q.
By virtue of Lemma 5, one can associate to a polynomial Hamiltonian function HΛ an
element of the enveloping algebra AF of the Lie algebra AF . Accordingly, H
∗ is represented
by an element of the enveloping algebra A
′
T of the Lie algebra A
′
T . Then the Schro¨dinger
representation of the Lie algebras A′T and AF is naturally extended to their enveloping
algebras A
′
T and AF that provides quantization of H
∗.
Of course, the decomposition (44) by no means is unique. An ambiguity of the op-
erator representation of a classical Hamiltonian that does not preserve a polarization is
a well-known technical problem of Schro¨dinger quantization as like as of any geometric
quantization scheme.13,14
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Given an operator Ĥ∗, the bracket
∇f̂ = i[Ĥ∗, f̂ ] (45)
defines a derivation of the quantum algebra AF . Since p̂ = −i∂t, the derivation (45) obeys
the Leibniz rule
∇(rf̂) = ∂trf̂ + r∇f̂ , r ∈ C
∞(R).
Therefore, it is a connection on the C∞(R)-algebraAF , which enables one to treat quantum
evolution of AF as a parallel transport along time.
7,8,14 In particular, f̂ is parallel with
respect to the connection (45) if it obeys the Heisenberg equation (43). Given a trivialization
Q ∼= R×M (46)
and the corresponding (global) decomposition
Ĥ∗ = −i∂t + Ĥ,
we can introduce the evolution operator U which obeys the equation
Ĥ∗ ◦ U = −iU ◦ ∂t,
and can be written as the formal time-ordered exponent
U = T exp
−i t∫
0
Ĥdt′
 .
One can think of U as being an operator of the parallel displacement in the C∞(R)-module
EQ with respect to the connection
∇ρQ = iĤ
∗ρQ, ρQ ∈ EQ.
Now let us consider a mechanical system depending on a given parameter function
χ : R → Σ. Its configuration space is the pull-back bundle Qχ = χ
∗Q over R which is a
subbundle iχ : Qχ → Q of the fiber bundle Q → R. The corresponding momentum phase
space is the pull-back bundle i∗χV
∗Q, isomorphic to the vertical cotangent bundle V ∗Qχ of
Qχ → R. The pull-back of the Hamiltonian form H (35) onto V
∗Qχ, where the connection
Γ obeys the relation (41), reads
Hχ = pkdq
k −Hχdt,
Hχ = pk(Λ
k(t, χµ(t), qr) + Λkλ(t, χ
µ(t), qr)∂tχ
λ) +HΛ(t, χ
µ(t), qr, pr).
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It characterizes the dynamics of a mechanical system with a given parameter function χ.7−9
In order to quantize this system, let us consider the pull-back bundle Dχ = i
∗
χDQ over Qχ
and its pull-back sections ρχ = i
∗
χρQ, ρQ ∈ EQ. It is easily justified that these are leafwise
half-forms on the fiber bundle Qχ → R whose restrictions to each fiber it : Qt → Qχ are of
compact support. These sections constitute a pre-Hilbert C∞(R)-module Eχ with respect
to the Hermitian forms
〈i∗tρχ|i
∗
tρ
′
χ〉t =
∫
Qt
i∗tρχi
∗
tρ
′
χ.
Then the pull-back operators
(χ∗f̂)ρχ = (f̂ρ)χ,
χ∗f̂ = −iak(t, χλ(t), qr)∂k −
i
2
∂ka
k(t, χµ(t), qr) + b(t, χµ(t), qr),
in Eχ provide the representation of the pull-back functions
i∗χf = a
k(t, χλ(t), qr)pk + b(t, χ
λ(t), qr), f ∈ AF ,
on V ∗Qχ. Accordingly, the quantum operator Ĥ
∗
χ = p̂ + Ĥχ coincides with pull-back
operator χ∗Ĥ∗. Then the Heisenberg equation of a quantum system with a parameter
function χ takes the form
i[Ĥ∗χ, χ
∗f̂ ] = 0,
and the corresponding evolution operator reads
U = T exp
−i t∫
0
Ĥχdt
′
 . (47)
The key point is that the Hamiltonian Ĥχ in the evolution operator U (47) is affine in
the derivatives ∂tχ
λ, namely,
Ĥχ = −i(Λ
k
λ∂k +
1
2
∂kΛ
k
λ)∂tχ
λ + Ĥ′. (48)
Its first term is responsible for the geometric Berry factor phenomena as follows, while Ĥ′
can be regarded as a dynamic Hamiltonian of a quantum system.
Bearing in mind possible applications to holonomic quantum computations, let us sim-
plify the quantum system in question. Given a trivialization (46) of a configuration bundle
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Q, we have the corresponding trivialization of the parameter bundle Σ = R× S such that
the fibration Q→ Σ reads
R×M
Id×πM−→ R× S,
where piM : M → S is a fiber bundle. Note that, from the physical viewpoint, a trivializa-
tion (46) provides a reference frame in nonrelativistic mechanics.9,22 Let us suppose that
there exists a reference frame such that the components Λkλ of the connection Λ (40) are
independent of time. Then one can regard the second term in this connection as a connec-
tion on the fiber bundle M → S. It also follows that the first term in the Hamiltonian (48)
depends on time only through parameter functions χλ(t). Furthermore, let the two terms
in the Hamiltonian (48) mutually commute on [0, t]. Then the evolution operator U (47)
takes the form
U = T exp
− ∫
χ([0,t])
(Λkλ∂k +
1
2
∂kΛ
k
λ)dσ
λ
 ◦ T exp
−i t∫
0
Ĥ′dt′
 .
One can think of the first factor in this evolution operator as being the parallel displacement
operator along the curve χ([0, t]) ⊂ S with respect to the connection
∇ΛρQ = (∂λ + Λ
k
λ∂k +
1
2
∂kΛ
k
λ)ρQdσ
λ, ρQ ∈ EQ,
on the C∞(S)-module EQ. Its peculiarity in comparison with the remaining one lies in
the fact that integration over time through a parameter function χ(t) depends only on
a trajectory of this function in a parameter space, but not on parametrization of this
trajectory by time. Therefore, one can think of it as being a geometric factor.
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